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Abstract
We consider general five-dimensional gauge theories compactified on on an orbifold S1/Z2 with all fields
propagating in the bulk. We propose a generalized set of boundary conditions and derive the general features
of the low energy-spectrum. The results are illustrated with two simple examples.
∗Presented at the XXIX International Conference of Theoretical Physics Matter To The Deepest:
Recent Developments In Physics of Fundamental Interactions Ustron, 8-14 September 2005, Poland
†Electronic address: bohdan.grzadkowski@fuw.edu.pl
‡Electronic address: jose.wudka@ucr.edu
1
I. GENERAL FEATURES
Theories in n > 4 dimensions are based on solutions (assumed or exhibited) to the n-dimensional
Einstein equations that contain n−4 compact dimensions whose typical size we denote by L. These
models can be conveniently divided into “large” and “small” extra dimensional theories, subdivided
into models containing branes and those that not.
Large extra dimensional theories [1] assume L to be of sub-millimeter-size and that all fields
but gravity are confined to a 4-dimensional subspace (the “brane”). In these models the elec-
troweak scale v is the only energy scale, and the Planck mass is a derived quantity equal to
MPl = v(vL)
(n−4)/2. However, Lv ≫ 1 is also required, which can be maintained only through
fine tuning. In addition there is no inclusion of the brane-induced gravitational effects and, finally,
there are complications when implementing the confining mechanism.
The simplest model with small extra dimensions containing branes [2] is obtained from an
explicit solution to the Einstein equations with one or two branes, assuming that the main brane
contribution to the energy momentum tensor comes from the brane cosmological constants. This
model (and its extensions) have the virtue of relating the Plank and weak scales through a metric-
induced exponential conformal factor that naturally implements the hierarchy GFM
2
pl ≫ 1 when
L ∼ 1TeV−1. This, however, is achieved at a price: the brane and bulk cosmological constants must
be appropriately tuned to achieve this effect. In addition the perturbative expansion around the
solutions obtained produces a zero mode, indicating that the obtained configuration is marginally
stable.
Finally, the “universal” extra-dimensional models [3] also assume small extra dimensions
(L∼< 1TeV
−1) but now without branes; the compact directions are flat and that all fields propagate
throughout the n-dimensional space. These models avoid phenomenologically unacceptable devi-
ations from low-energy physics because of the absence of vertices containing a single heavy leg (a
consequence of momentum conservation) [3]. Such theories contain dimensional non-renormalizable
couplings (as all higher-dimensional theories) which imply the presence of an energy scale Λ (the
cut-off) beyond which the theory cannot be applied (at least perturbatively). Despite this such
models have the virtue of containing scalars whose masses do not suffer form O(Λ) corrections,
these being instead O(1/L) [4],[6].
In this talk we will consider a 5-dimensional universal model containing only gauge-fields and
fermions. We will describe a very general type of behavior for the fields under the symmetries
of the compact subspace, and derive some of the associated consequences, concentrating on the
2
possible light spectra present in such models. These features are then illustrated with 2 examples
(we do not address the stability of the assumed space-time configuration, nor do we consider any
gravitational effects). The ultimate goal of these models is to construct a realistic theory without
including fundamental (5-dimensional) scalars; as far as the authors know such model does not yet
exist, still, we hope to show that these theories are sufficiently interesting to warrant further study.
II. THE LAGRANGIAN
The Lagrangian is assumed to have the form
L = −
1
4
∑
a
1
g2a
(F aMN )
2 + Ψ¯
(
iγNDN −M
)
Ψ, (1)
where all fermions have been lumped in a large multiplet Ψ, the covariant derivative equals DN =
∂N + ig5A
a
NTa where g5 ∼ (mass)
−1/2 (which is the dimensional coupling mentioned previously)
and the Ta generate the (in general reducible) representation carried by the fermions. The gauge
coupling constants have been written as gag5 with ga dimensionless, and the gauge fields were then
re-scaled appropriately; the ga have the same value for all indices a within the same factor group.
M, N, . . . = (0, 1, 2, 3, 4) denote 5-dimensional space-time indices with the first four corresponding
to the usual Minkowski space (labeled by Greek letters µ, ν, . . .); the last index corresponds to the
compact direction and we use x4 = y.
Considering the most general properties of this model in a compact space it proves convenient
to define a fermionic multiplet χ by
χ =
(
Ψ
−Ψc
)
, (2)
where Ψc = CΨ¯T , C = γ1γ3. In terms of χ we find
L = −
1
4
∑
a
1
g2a
(F aMN )
2 +
1
2
χ¯
(
iγNDN −M
)
χ, (3)
where
DN = ∂N + ig5A
a
N τa; τa =
(
Ta 0
0 −T ∗a
)
, M =
(
M 0
0 −M∗
)
. (4)
L is invariant under P and C discrete symmetries defined by 1
P : (x0, ~x, x4)→ (x0,−~x, x4); χ→ γ0γ4χ;
1 In terms of the usual Dirac matrices we chose γN = (γ0, γ1, γ2, γ3, iγ5).
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C : χ→ χc = −iσ2χ (5)
In writing the Lagrangian in terms of χ we must insure that no new degrees of freedom are
introduced; this is implemented by the constraints χ = iσ2χ
c, σ1,2τaσ1,2 = −τ
∗
a , [σ3, τa] = 0, which
follow form the definitions 2.
III. THE 5-DIMENSIONAL SPACE TIME
We consider a space of the form M ⊗ (R/Q) where M denotes the 4-dimensional Minkowski
space-time and Q is a discrete group with two elements (x4 = y denotes the coordinate of R): (i)
Translation, y → y + L, where L denotes the size of the compact subspace; and (ii) reflection,
y → −y. Both of these act trivially on M [5].
Under translations we assume that the fields transform according to [7]
Ψ(y + L) = ΓΨ(y) + Υ∗Ψc(y)
AaN (y + L)T
a = AaN (y) ·


U †1 (Ta)U1 (P1)
U †2 (−T
∗
a )U2 (P2)
(6)
where Γ and Υ are constant matrices and Ui, i = 1, 2 constant gauge transformations. The above
expression is a generalization of the usual assumptions which correspond to choosing P1 and Υ = 0;
the possibility of having non-vanishing Υ stems from the charge symmetry of the original theory. It
is clear, however, that this matrix can relate only components in χ that correspond to non-complex
representations of the gauge group (else gauge invariance would be compromised). The possibility
of having the transformation P2 for the gauge fields is suggested by that of the fermions; in contrast
with these, however, no linear combination of P1 and P2 is allowed since it does not leave the F 2
terms in the Lagrangian invariant.
The observation that one can add transformation rules involving Υ and/or U2 is one of the main
point of this talk. The presence of these terms allows for a much richer phenomenology in these
theories and, in particular, for wide variety of spectra in the low energy theory.
In terms of χ the above expressions become
AaN (y + L) = VabA
b
N (y); χ(y + L) = Aχ(y); A =
(
Γ −Υ∗
Υ Γ∗
)
(7)
2 In these expressions the σi have the standard form except that the entries are replaced by unit and zero (square)
matrices of size equal to the dimension of Ψ.
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where V (whose sub-index denoting P1 or P2 is suppressed to simplify the notation) is determined
by the expression of Ui in the adjoint representation. The matrices A and V must satisfy
AτaA
† = Vbaτb, A
†A = 1, σ2Aσ2 = A
∗; (8)
the first two constraints are required to guarantee the invariance of L under these transformations,
the last constraint follows from the definition of A.
Similarly, under reflections
AaN (−y) = (−1)
δN,4
V˜abA
b
N (y); χ(−y) = −γ5Bχ(y), (9)
with the corresponding constraints
BτaB
† = V˜baτb, B
†B = 1, σ2Bσ2 = −B
∗. (10)
In addition to the above restrictions the transformations (7,9) must provide a representation of
Q. Using the fact that −y = [−(y + L)] + L and that −(−y) = y we find
ABA = B, VV˜V = V˜; B2 = 1, V˜2 = 1. (11)
Finally, under gauge transformations, χ → Oχ, O = exp[iωaτa] where the O must satisfy
O(y + L) = AO(y)A† ; O(−y) = BO(y)B†.
The fermion mass terms may allow for a phenomenologically realistic low-energy spectrum. The
matrix M is restricted by requiring invariance under Q and under the local symmetry group
[M,A] = 0, {M,B} = 0; [M, τa] = 0; (12)
also M =M† andM = −σ2M
Tσ2 (form the definition in Eq. 4).
The models we consider are then defined by the Lagrangian L, which specifies the dynamics, as
well as by the matrices V, V˜, A and B that determine the behavior under Q.
IV. LIGHT SPECTRUM
Universal higher-dimensional theories must satisfy the minimum constraint of generating the
experimentally observed light spectrum; because of this it is of interest to derive the general
properties of these excitations. To this end it proves convenient to expand the various fields in
Fourier modes in the compact coordinate y, the coefficients are then 4-dimensional fields for which
the action of ∂y generates a mass term. It follows that all y-dependent modes will be heavy (mass
∼ 1/L) and that light excitations are associated with y-independent modes.
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The light gauge bosons will be denoted by Aaˆµ and the light fermions by χ
(0), the light modes
associated with AN=4 behave as 4-dimensional scalars and will be denoted by φrˆ = A
rˆ
N=4. Using
the y−independence of these modes and the behavior of the field under Q we find
Aaˆµ = VaˆbˆA
bˆ
µ = V˜aˆbˆA
bˆ
µ,
φrˆ = Vrˆsˆφ
sˆ = −V˜rˆsˆφ
sˆ,
χ(0) = Aχ(0) = −γ5Bχ
(0). (13)
Light particles are associated with +1 eigenvalues of two matrices: +V and +V˜ for the gauge
bosons; +V and −V˜ for the scalars; and A and −γ5B for the fermions.
V. SIMPLIFYING THE CONSTRAINTS
The above set of constraints (8,10,11) can be simplified by an appropriate choice of bases. One
can then take
B =
(
1 0
0 −1
)
, V˜ =
(
1 0
0 −1
)
, (14)
(the 0 and 1 matrices in B must have the same dimensions; this is not the case in V˜). In this basis
we have
V˜→ +1 : τ =
(
ρ 0
0 −ρ∗
)
; V˜→ −1 : τ =
(
0 θ
θ∗ 0
)
, (15)
It follows from (13) that the first of these expressions determines the couplings between light
fermions and light gauge bosons; similarly the second type of matrices in (15) determines the
Yukawa couplings in the light theory.
For the fermions, using (13,14) and the constraint χ(0) = −iσχ(0)c we find
χ(0) =
(
ζL
−ζcL
)
(16)
Extracting from L the terms that contain only light fields, we find the usual gauge terms for
the Aaˆ; the gauge-invariant (under the subgroup associated with the Aaˆ) kinetic terms for ζL and
φ, as well as the ζL − φ Yukawa terms. The mass term in L can generate Dirac and/or Majorana
terms for the ζL depending on the choices of A, B, V and V˜. Note however that the form of L
disallows any tree-level potential for the φ; it follows that at tree-level all 4-dimensional bosons are
either massless or have a mass ∼ 1/L.
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If these models are to be phenomenologically viable, they must be able to generate masses for
some of the vector bosons at a characteristic scale v ≪ 1/L. This symmetry breaking step cannot
be associated with the behavior of the fields under Q which necessarily produces non-zero masses
of order 1/L. But it can result from radiative corrections since these will generate a non-vanishing
(effective) potential for the φ at ≥ 1 loops. This opens the possibility that these models will
undergo two stages of symmetry breaking: the first generated by the behavior under Q and the
second, at a presumably lower scale, generated radiatively by the scalars. Though we have not yet
succeeded in generating a phenomenologically viable theory along these lines, we do have examples
where these features are realized.
VI. U(1) EXAMPLE
We look for a U(1) gauge theory [7] where the Q transformations induce the breaking
U(1)→nothing while generating a massless (at tree-level) scalar. We include first a single fermion
flavor, then the constraints are all satisfied by the choices V = −V˜ = 1 and
B = σ3, A =
(
cos u − sinu
sinu cos u
)
, M = µ¯σ2, τ = gσ2, (17)
where µ¯ denotes a mass parameter and g the gauge coupling.
The tree-level light spectrum of this model consists of a Majorana fermion with mass√
µ¯2 + (u/L)2 and a neutral massless scalar. The 1-loop effective potential is given by [4]
Veff =
1
4π2L4
ℜ
[
Li5(ζ) + 3xLi4(ζ) + x
2Li3(ζ)
]
, (18)
where x = µ¯L and ζ = exp [−x+ i (u− gL 〈φ〉)] which is plotted for one and two fermion species
in Fig. 1. In the two-flavor case the presence of a heavy fermion can lead to a vacuum expectation
value 〈φ〉 ≪ 1/L.
VII. SU(2) EXAMPLE
We look for an SU(2) theory where the light sector is invariant under a U(1) subgroup and
contains one complex scalar. We include 2 fermion doublets.
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FIG. 1: The effective potential for the U(1) model. Left: single fermion species with µ¯L = 0.01. Right: two
fermion species with µ¯1L = 0.01, µ¯2L = 0.008, u1 = 2.3, u2 = 0 and charges 1 and −1/2; note that for u1
the tree-level mass is ≃ 2.3/L.
All the constraints are satisfied by the choices
V = 13, V˜ = diag (−1,+1,−1) ,
B = diag (14,−14) , A = diag (12,−12,12,−12) ,
M =
(
0 µ
µ 0
)
, µ = i2
(
µ¯+σ1 0
0, µ¯−σ1
)
τ1 =
i
2
(
0 −ρ
ρ 0
)
, τ2 =
1
2
(
ρ 0
0 −ρ
)
, τ3 =
1
2
(
0 14
14 0
)
, (19)
where ρ = diag (−1,+1,−1,+1) and µ¯± are real.
Using (13) these expressions show that the light (tree-level spectrum) consists of a U(1) gauge
boson, one Dirac fermion of mass µ¯+ and one charged scalar. The one-loop effective potential has a
form similar to (18) and is plotted in fig. VII. This plot seems to indicate that the U(1) symmetry
is broken and that there are in fact no massless vector bosons. This is not the case: the masses
of the vector Fourier modes are mn = 2πn/L + 2g 〈φ〉; at tree level 〈φ〉 = 0 so m
(tree)
n = 2πn/L
and we identify the U(1) gauge boson with the n = 0 mode. At one loop 〈φ〉 = ±π/(Lg) so that
m
(1loop)
n = 2π(n± 1)/L and we identify the U(1) gauge boson with the n = ∓1 mode.
These results suggest that with the proposed transformation properties (7, 9) these theories
could generate the correct low-energy physics. The difficulty lies in constructing an effective po-
tential that has the right value of 〈φ〉. This apparently necessitates the introduction of additional
fermion representations which, however, need not be light and would not spoil the light spectrum.
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FIG. 2: The effective potential for the SU(2) model; µ¯
−
L = 2.0, µ¯+L = 0.001.
These models are currently under investigation.
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